In this paper, a closed-loop switching function for on-off thruster firings is proposed to provide good attitude control performance in the presence of modeling errors for single-axis slew maneuver of a rigid spacecraft and to eliminate double-sided thruster firings. The size of a single-sided deadband in the switching function provides the capability of a tradeoff between maneuver time and fuel expenditure. The application of this switching function for the single-axis slew maneuvers of flexible spacecraft is also analyzed. The analytical simulations and experimental results demonstrate that the proposed switching function provides significant improvement in the slew maneuver performance. 
In this paper, a closed-loop switching function for on-off thruster firings is proposed to provide good attitude control performance in the presence of modeling errors for single-axis slew maneuver of a rigid spacecraft and to eliminate double-sided thruster firings. The size of a single-sided deadband in the switching function provides the capability of a tradeoff between maneuver time and fuel expenditure. The application of this switching function for the single-axis slew maneuvers of flexible spacecraft is also analyzed. The analytical simulations and experimental results demonstrate that the proposed switching function provides significant improvement in the slew maneuver performance. Singh et al. 5 solved a minimum-time slew problem analytically for the planar maneuvers of a flexible structure. The open-loop switching times are functions of the system parameters and are antisymmetric with respect to half-maneuver time for a rest-to-rest slew maneuver. Vander Velde 6 and Hablani 7 developed maneuver strategies for zero residual energy. In all these formulations, however, modeling errors are not considered, which is a major drawback of most open-loop control actions. Liu and Wie 8 have proposed an open-loop switching law to enhance the robustness of the control in the presence of modeling errors. The increased number of switchings turned out to contribute to minimizing errors due to modeling uncertainties. The major drawback of the open-loop control schemes, as discussed earlier, is that they are sensitive to modeling errors and unmodeled external disturbances. Also, the practical implementation of these control laws usually involves considerable amount of difficulty. Therefore, there is a need to develop simple and easy-to-apply closed-loop control schemes for slew maneuvers of spacecraft using on-off thrusters. For a rigid spacecraft with zero modeling errors, the switching function for a minimum-time slew maneuver is well known. The input torque for a rest-to-rest maneuver profile is antisymmetric with acceleration during the first half and deceleration during the second half of the maneuver.
In this paper, a new closed-loop switching function for single-axis slew maneuver of a rigid body is developed. The proposed switching function accommodates generic modeling errors and unknown external disturbances. Furthermore, the paper includes experimental and analytical results for slew maneuver of the flexible spacecraft simulator (FSS) located at the Naval Postgraduate School using a classical and the modified switching function.
II. Rigid-Body Case System Without Modeling Errors
For a rigid body undergoing a single-axis slew maneuver, the equation of motion is given by
= u
(1) where / is the moment of inertia with respect of the rotational axis, 0 is a rotational angle, and -N<u<Nis the applied external torque. With the boundary conditions
the minimum-time (tf) solution for a rest-to-rest maneuver is the bang-bang law, which is antisymmetric about the half-maneuver time, 9 as
In addition, the maneuver time tf is given by
The control law of Eq. (2) can be written in the feedback form as where s(t) is the switching function and has the form '^\ a n " s(t) = 0 +
2N
and sgn is the signum function. The switching function s(t) for 0 < t < (l/2)t f is given by and for (l/2)r/ < t < t f , Figure 1 shows the plot of 6, 0, u, and 5(0 as functions of time during the slew maneuver. The slew maneuver consists of two parts. In the first half, the body is accelerated. In the second half, it is decelerated to satisfy the prescribed boundary conditions. In the ideal case without modeling errors, the minimum-time rigid-body maneuver can be implemented by using either the open-loop torque profile or the closed-loop switching function. As is the case, the closed-loop approach is preferred over the open-loop one in practical applications. The switching function s(t) is associated with two parameters, i.e., mass moment of inertia / and thruster level N.
System with Modeling Errors
Now let us analyze the robustness of the switching function. Let us consider that there is an error in the estimation of inertia / and/or the thruster level N. It should be noted that disturbance torque can be considered as an error in the estimation of the thruster level N. The switching function can be rewritten as
where y == (H-6i)/(l-f-e 2 ) represents the modeling error factor and /* and N* are estimated values of / and N, respectively, being equal to 7(1 + €\) and N(l + e 2 ). The new switching function s y (t) has the following characteristics, let t\ be the time when the switching function s y (t) reaches zero. It is given by
From Eq. (10), S Y will be positive for all values of y greater than -1. Therefore, S Y will continue to increase, from a negative value, until it reaches a zero value. The time t\ will be greater than l/2t f for y < 1 and less than l/2t f for y > 1.
For the second half of the slew maneuver, S Y remains 0 + , a positive small perturbation from zero value, for y = 1, representing absence of modeling errors. We want to analyze the impact of y ^ 1 on s y (t) during this period. We assume that 9 > 0 for this period even if the same conclusions can be made for 0 < 0. Differentiating Eq. (7) and using Eq. (1), we get
In order to determine whether s y tracks S Y = 0 trajectory, we calculate
If the above function is negative, then s y tracks the s y = 0 trajectory; otherwise it will drift from it. For s y < 0, u = N, for X > -1 (13) Therefore, the magnitude of s Y (t) decreases asymptotically, and s y will move toward the
Based on Eqs. (13) and (14), it can be concluded that, for y < 1, S Y will drift from S Y = 0. For y > 1, s y will converge toward the S Y = 0 trajectory. or Therefore, for y > 1, s y will track the S Y = e trajectory. This will result in single-sided firings but degraded maneuver pointing performance due to overshoot in the desired attitude and longer slew time. The larger the deadband, the poorer the pointing performance. Figure 3 shows simulation results 0, u, and s for y = 1.1 and e = 0.1. We can see that thruster firings are only single sided, but Sy tracks the s y = e trajectory and maneuver pointing performance is degraded due to overshoot in the desired attitude angle and longer slew time. To improve the maneuver pointing performance, we propose one-sided deadband in the switching function as follows:
For y > 1, the following condition applies:
Therefore, for y > 1 in the one-sided deadband switching function, S Y will track the s y = 0 trajectory, resulting in improved pointing performance. Figure 4 shows simulation results 9, u, and s y for Time(sec) 9 12 15 Tme(sec) y = 1.1 and 6 = 0.1 using single-sided deadband. In this case, s y tracks the S Y -0 trajectory and shows improved maneuver pointing performance compared to the double-sided deadband. Figure 5 shows the simulation results for a large-size deadband, e = 0.9. Comparing the results in Figs. 4 and 5, it can be noted that the larger deadband does not result in degradation of maneuver pointing performance, but results in an increase of slew maneuver time and a reduction in thruster firing time. Therefore, the deadband parameter in the switching function provides the capability of a tradeoff between slew maneuver time and fuel expenditure.
In summary, the above analysis shows that, in the presence of modeling errors (y ^ 1), the classical switching function results in pointing performance degradation for y < 1 and double-sided thruster firings for y > 1. By introducing a double-sided deadband in the switching function, double-sided thruster firings are eliminated for y > 1, but the pointing performance is degraded. By introduction a single-sided deadband in the switching function, we eliminate the double-sided thruster firings without degradation in the pointing performance. The size of the deadband can be selected based on a tradeoff between the slew maneuver time and propellant expenditure.
In a spacecraft design, due to spacecraft specifications, we generally know the magnitude of maximum parameter uncertainty or modeling error. Therefore, y is given by
where a is the magnitude of percentage uncertainty in the parameter I/N. Therefore, y could be greater or less than unity.
Our objective is to develop a switching function for 1 -0.0la < y < 1 + O.Ola such that the performance is similar to what we achieved using the classical switching function with one-sided deadband for y > 1, i.e., elimination of double-sided thruster firings and good pointing performance.
Proposed Switching Function
The proposed switching function is as follows for the slew maneuver of a rigid spacecraft about a single axis:
By introducing y such that y > 1/Xmin an< 3 a single-sided deadband in the switching function, we have achieved desired performance for general cases of y min < y < y max , i.e., elimination of the doublesided thruster firings and good pointing performance. As mentioned earlier, external disturbance torques can be considered as errors in the thruster torque parameter N. Therefore, the switching function will provide desired performance in the presence of external disturbance torques.
The size of deadband should be selected based on a tradeoff between slew maneuver time and propellant expenditure. For a minimum-time maneuver, e should be sufficiently small. For low propellant expenditure with increased maneuver time, e should be large. The differences between the performance of the classical switching function and the proposed switching functions are as follows. The classical switching function provides minimum-time maneuvers in the absence of modeling errors. With the modeling errors introduced, however, the classical switching function will result in maneuver pointing performance degradation in terms of overshoot of desired attitude angle and longer slew time and/or double-sided firings in the second half of a slew maneuver.
The proposed switching function will provide good pointing performance in the presence of modeling errors and the thruster firing will be one sided during the second half of a slew maneuver. In addition, not only does the proposed switching function provide a minimum-time slew maneuver, but also, by selecting the size of the deadband, a desired tradeoff between slew time and thruster firing time can be achieved. The classical switching function is a special case of the proposed switching function with y = 1 and the deadband equal to zero.
There has been some related work to the proposed switching function in this paper. Zwartbol et al. 10 introduced a parameter similar to y in the switching function to compensate for the disturbance torque. The selection criteria of the parameter, its influence on the performance, and relationship with modeling errors are not, however, discussed. Burdick et al.
11 used a double-sided deadband in the switching function. The single-sided deadband used in the proposed switching function is not mentioned. As discussed earlier, doublesided deadband degrades pointing performance. For a large size of deadband, to reduce fuel consumption for the maneuver, the doublesided deadband will result in unacceptable pointing performance.
III. Application to Flexible Space Structure
Next, we study the application of the proposed switching function to slew maneuvers of a flexible spacecraft model. The experimental setup (FSS) used for this study is presented in Fig. 6 . It simulates the pitch axis motion of a spacecraft with a center rigid body and a reflector supported by two astro mast structures. 12 - 13 The simulator consists of a central rigid body representing the spacecraft main body and a flexible appendage representing a reflector with a flexible support structure. The simulator is supported by airpads on a granite table. The center body is allowed to rotate about the vertical axis and is prevented from translational motion by an air bearing. The primary actuators are a reaction wheel and a thruster system on the central body. For this study, however, only the thruster system is used. The angular position of the central body is determined by a rotary variable differential transformer (RVDT) and the angular rate by an angular rate sensor. The thruster system is shown in Fig. 7 . It consists of a 13.3-ft 3 , 3000-psi supply tank connected to a pressure reducing regulator with outlet pressure range 4-250 psi. There are two thrusters providing torques in both directions. The system uses 200 psi dry air and the thruster produces 0.3 N-m torque.
The schematic representation of the model is shown in Fig. 8 . It consists of a rigid body that is constrained to rotate about a fixed axis and a flexible appendage. The axes h\,n 2 ,n^ areinertially fixed and the n 3 axis represents the rotational axis. The axes b\, b 2 , £3 are
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fixed to the body and are obtained from n\,n 2 ,n^ by a rotational angle 9 about the n 3 axis. The elastic deformations of a point on the flexible arms are represented by a vector w = [wi, w 2 ] T and can be written in terms of cantilever modal coordinates as (20) where, for the zth mode, q f (t) is the modal coordinate, </>/ is the component of the modal vector along the b\ axis, and (pf is the component along the b 2 axis.
The discretized finite-dimensional equations of motion for the system are given by where 7* is the estimated moment of inertia of the system about the £3 axis at the static equilibrium, &>/ is the natural frequency of the zth mode, u is the applied external torque on the body, including control and disturbance torques, and A is a rigid-elastic coupling term for the zth mode and is given by (22) where x\ and x 2 are coordinate points along the b\ and b 2 axes, respectively. A finite element analysis was done to determine structural cantilever frequencies and mode shapes. Table 1 Comparing the expression for s y from Eq. (25) for a flexible spacecraft to that from Eq. (11) for a rigid body, we see that the expression for a flexible spacecraft has additional periodic terms due to the flexible modes. Therefore, for a flexible spacecraft, S Y will be oscillatory.
To avoid double-sided thruster firings, during the second half of the slew maneuver, we need a larger size deadband for a flexible spacecraft. The switching curve (S Y = 0) for the rigid body is subject to dynamic couplings from the flexible motion of the arm.
IV. Simulation and Experimental Results
By using the analytical model, simulations were performed for rest-to-rest slew maneuvers of 50 deg by using the modified switching control function defined by Eq. (19). A disturbance effect of 6% of control torque magnitude was included in the simulation to create a similar environment to the actual experimental setup. Also, in order to prevent unnecessary multiple firings, a deadband around the end of the maneuver was used both in the simulation and the experiment. Simulations were performed for different values of y to study their effect on attitude control performance. Figure 9 shows the plot of slew angle and thruster firings for analytical simulations with y -0.8, 1.0, 1.4 without deadband. Figure 10 Therefore, the parameter y plays a significant role in the slew maneuver performance. Figure 11 shows experimental results for slew angle and thruster firings for a single-sided deadband e equal to -1.0 deg and y = 0.8,1.0, 1.4. The results show that, even with this deadband, thruster firings are double sided for y = 1.0, 1.4 during the second half of maneuver. This double-sided thruster firing will be absent for a pure rigid body and is introduced due to the flexible modes. Figure 12 shows similar experimental results for a single-sided deadband e equal to -2.0 deg. In this case, the thruster firings are one sided or double-sided firings are absent for Y = 1.0, 1.4. These results validate the earlier conclusion based on Eq. (25) that, for a flexible spacecraft, a large-size deadband in the switching function is needed to achieve single-sided thruster firings during the second half of the slew maneuver. It should be noted that the simulation results do not include minimum thruster impulse constraint.
selection of the size of the deadband provides capability to achieve a desired tradeoff between slew maneuver time and fuel expenditure. Therefore, the proposed switching function provides robust control, high-accuracy pointing performance, elimination of double-sided thruster firings, and the flexibility of a tradeoff between slew maneuver time and fuel expenditure.
The analytical simulation and experimental results demonstrate that the proposed switching function provides good slew maneuver performance. For flexible spacecraft, however, a large-size deadband is needed in the switching function to eliminate double-sided thruster firings.
